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Abstract-To derive estimates for such important measures on network performance as the average queue 
lengths, throughput rates and buffer utilization of a large (national) computer communication network, it is 
always assumed that the number of a packet is geometrically distributed with Pa, the steady-state nodal 
blocking probability. This implies that the probability remains constant for the first and subsequent 
transmission attempts and that these attempts are independent. 
In this paper, the past fate of a retransmitted packet is taken into account to examine nodal blocking. 
The result is a closed-form expression in terms of its steady-state estimate, the size of the Store-and- 
Forward buffers, the number of transmission lines connected to a node, the traffic intensity of the network, 
and a function comparing orders of message packets and the acknowledgement (ACK) arrivals, whose 
derivation requires some equalities from order statistics and the incomplete beta function. 
I. INTRODUCTION 
The goal of a large computer network is to permit resource sharing and interactive com- 
munications of software capabilities, data files, and users among a large number of computer 
centers (host computers). The network consists of a collection of these hosts linked together by 
a subnetwork which provides the basic communication mechanism. The packet-switched 
subnetwork is quite effective for supporting multinodal traffic between hosts. An overview of 
other communication subnetwork alternatives can be found in Kimbleton[l]. 
In this type of network, a subnetwork composed of transmission lines are interconnected by 
nodes, each of which has a small computer (Interface Message Processor, or simply IMP) that 
acts as a switching unit and through which the host computer is connected to the network. 
Information transmitted between a pair of host computers are segmented into packets. No path 
is established for individual packets; instead, each carries an address and proceeds through the 
subnetwork independently to reach the destination node where they are reassembled and 
forwarded to the destination host computer. 
At each of the switching nodes, the packet is stored in one of the store-and-forward (S/F) 
buffers until its duplicate is forwarded by the node and accepted by the next switching node 
(downstream node). If and when the traffic becomes heavy a packet may be rejected (blocked) 
by a switching node because it has no buffer available[2]. Traffic is thus slowed down and the 
packet flow is interrupted. 
Nodal congestion is an extremely serious problem because of its contagious nature and 
debilitating effects. Blocking at a local node may lead to an attendant increase in packet 
rejections at other nodes, causing the entire network’s operation to be seriously impaired. 
A critical measure of congestion level is the nodal blocking probability. Gross and steady- 
state estimators of this important indicator have been studied and derived (usuahy from a szt of 
difference-differential equations with certain boundary conditions) under various assumptions 
and queueing disciplines by Drukey [3], Irland [4], Kleinrock [5], Leinweber [2], Schweitzer and 
Lam[6], and Zeigler[7]. To obtain other measures on network performance such as the queue 
lengths, buffer utilizations as well as throughput rates, number of retransmissions of a packet is 
often assumed geometrically distributed with the parameter PR which implies the probability of 
rejection is the same for the first and the subsequent tries and these tries are independent. In 
the paper, we show an approach to utilize some past information to reevaluate the blocking 
probability which may describe the level of saturation at that node more realistically and 
accurately. 
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0 Switching Corrputers-IMP’s with Finite S/F Buffers 
0 Host Computers or Terminals 
- Full Duplex High Speed Transmission Lines 
Fig. 1. The computer communication network model. 
2. ASSUMPTIONS AND THE BASIC MODEL 
To reduce mathematical complexity, the following assumptions are made in the analysis: 
2.1 Basic parameters 
All IMP’s have the same number of S/F buffers B. Each IMP is linked to N adjacent nodes. 
The links are full duplex transmission lines characterized by the same data rate. 
2.2 Protocol 
The protocol is the simple “Acknowledge Before Proceed”, or ABP. It requires that a node 
that has just transmitted a message packet o a neighboring node not to use the same link until 
an ACK is received from that node. The delay will last at most T units of time, which is the 
fixed transmission interval per link, whose value is chosen by considering propagation and 
processing delays etc. Therefore, at successive intervals separated by r, an error-free blocked 
packet is retransmitted until its acceptance by its destination (downstream) node. ACK’s are 
minipackets, which may travel alone or piggyback on a regular packet, in which case it will 
receive a higher priority than the packet. Upon receipt of an ACK, the node will release the 
associated packet immediately for another packet. 
2.3 Steady-state probabilility functions 
Let PR denote the rejection (blocking) probability; PK(N, B, p) the probability that there are 
K packets in the S/F buffer as a function of N, B and the traffic intensity p; bi(N, B, p) the 
probability that there are j packets queueing for a particular line for transmission. The steady 
state estimates on these probability functions, used solely for numerical illustrations in this 
paper, were derived by Drukey[3] assuming the usual Poisson arrival and exponential service 
with means h and p respectively. Their explicit forms are given in Section 4.4. 
2.4 Further illustration 
To aid the presentation of the analysis in the later sections, the following figures are 
introduced. 
In Figs. 2 and 3 we label the originating node of a particular packet as Node X, its receiving 
node 4, which is one of the N downstream nodes of X. The packet was rejected at t = 0 by D, 
because ail df its B buffers were fully occupied. A small time delay T later, the same packet will 
reappear at 4. In the interval (0, T), at most one packet could have arrived from each of the 
“other” N - 1 upstream nodes except node X, and at most one ACK from each of the N 
downstream nodes including node X. 
3. DEFINITION OF OTHER VARIABLES 
The random variables defined below are necessary for the detailed analysis in the later 
sections. 
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Fig. 2. Two equivalent views on node. Fig. 3. Topology due to full duplex transmission lines. 
xi = 1 of one packet arrives at D, in (0,~) from the ith upstream node, 
= 0 if none. 
Xi = 1 if there is one ACK received by D, in (0, T) from the ith downstream node. 
= 0 if none. 
P = $’ ~ii, Y = 2 Xi represent otal numbers of packets and ACK’s received by D, in that 
1=1 ,=I 
interval respectively 
pi, Ti the arrival times of a packet and an ACK from the ith node respectively 
(I, tij the jth ordered arrival times of a packet and an ACK respectively 
TitTi follow the same density function f(t) and distribution function F(t). It is not 
necessary to assume that they are uniformly distributed over (0, T). 
Let J, y represent he numerical values of y, Y. The density functions for Gi and wj are: 
fGj( i) = + I$-_j),[F(i)]i-t[l -F(iPf(i) 0<i<7 
= 0 elsewhere 
Y! f&)=(j_ l)!(y-j)! [F(r)]‘-‘[I - F(t)]‘-‘f(t) 
= 0 elsewhere 
j=O,l,... ,N-1; y=O,l,..., N. 
4. ANALYSIS 
It is given at t = 0, the S/F buffers at Dx were full. If in the interval (0, T) the total ACM’s 
received exceeds that of the packets, the retransmitted packet will definitely be accepted at 
t = 7, i.e. 
PIretransmitted packet accepted at t = r}y > j 2 O] = 1. 
However, even if 0 < y I 8, acceptance occurs as long as ACK arrivals follow some particular 
order. Consider these instances: 
Let: 
$=7,y=3 
Event 1: the very last packet is followed by the very last ACK, i.e. 03 > & 
Event 2: the next to last packet is followed by the next to last ACK, i.e. ~2 > & 
Event 3: the second from last packet is followed by the second from last ACK, i.e. 
WI > 55. 
CAMWA vol. 6. th. L-F 
358 w. w. LAU 
Occurrence of any one of these events assures acceptance of the retransmitted packet at t = T. 
This observation leads one to define, for a general case of 0 < y zz 7, 
We may now write: 
Ei, the event that wi > WY-y+i occurs; 
i = 1,2, . . . , y. 
P[retransmitted packet accepted at t = r/S/F full at t = 01 
=l.PIY>~]+PIE,uEz... UE~]P[YIF] 
=,$$P[Y=y, F=?]+yyP[E,uE2.. . E,(y, 11 P[Y = y, p = y]. 
= -E y=l y‘=y 
The next section begins with the most interesting component of this expression. 
4.1 The case that total packet arrivals equal or outnumber total ACK’s received 
Our objective in this section is to derive the following expression: 
For jiry>O 






+k,~,iP(ExnEjnEA- p P(FnE~nEjnEJ 
I> >j>i 
+*a * + (- l)YC’ P(E, n Ey_l n . . . n E,). 
To explore each component of the expression above, we need to establish a very useful 
equality. 
4.1.1 An important probability function to compare others of arriuals. Define H(I, m, y, y) = 
P(w, > 0,/y, y) = the function given the probability that the Ith ACK is preceded by the mth 
packet when there are a total of y ACK’s and jr packets arriving in (0,~). 
We now show: 
H(I, m, y, f) = P(m > (3,, Y, Y) = 1 0 :A &($M%); 
L.H.S. P(, > w,,,/w, = t, cj,,, = ?) dtdi 
= f@,(t) f&(f) dtdt 
= fur(t) dtqgm (;) F(t)‘[l - F(t)]‘-’ 
’ F(t)q+‘-1 [l _ F(t)]'+'+ f(t) dt 
(4.3) 
= R.H.S. of (4.3). 
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Total of 7 Packets 
\ 
III* Packet 




Total of y ACKs 
Fig. 4. w, > &,, Given total arrivals of y ACK’s and f packets in (0,~). 
It should be emphasized here that in deriving the H function, we do not need the assumption 
that the arrival times are uniformly distributed over (0, T). The result is true as long as the 
arrival times for both the ACK’s and packets follow the same distribution. This is because for 
any continuous p.d.f. f(t), its cumulative distribution function F(t) is a random variable 
uniformly distributed between 0 and 1. 
4.1.2 P(Ei). The probability that event Ei happens can be expressed in terms of the H 
function. 
p(Ei) = P(wi > Wp-y+iJj 5 y > 0) = H(i, j -Y + ‘3 Y, j) (4.4) 
To investigate the second component of (4.2), we have: 
P(Ej fl Ei) = P(Ei/fi)P(Ei) = P(EilEi)H(i, 7 -5’ + i, Y, y). 
Consider first a simple case i = j - 1. 
4.1.3 P(EjIEj-1) = P(mj > G~-y+i-I(tij-l> j-y+j-1). The information we have is that the (j - 
1)st ACK is preceded by the (J-y + j - 1)st packet. This implies G.f-y+j could be anywhere 
between WY-y+j-1 and wj. 
However, some or all of the first (j - 1) ACK’s may come after the (jr-y + j - 1)st packet. 
A moment’s reflection on the derivation of the H function reveals that the result also holds 
for any subinterval of (0,~). That is, for 0 5 tl < t2 4 T, if there are z, f arrivals in [t,, tz], then 
the probability that the Ith ACK is preceded by the mth packet in [t,, t2] will be given by 
H(I, m, z, 5) for IS z, m I 2. 
We now divide the interval (0,~) into two subintervals; (0, t*]. (t*, T), where t* = (t)9_y+j_lr the 
time instant when the (J - y + j - 1)st packet arrives. 
There are (J-y+ j - 1) packets arriving in (0, t*] and y-j + 1 arriving in (t*, 7). If one 
assumes there are exactly r ACK’s arriving in (0, t*), there will be (y - r) ACK’s arriving in 
(t*, T). The distribution of r will be derived later in this section, but the information that 
wj_l> Wg-y+j_i guarantees that r < j - 1. 
Studying these arrival patterns in (0, r) and (t*, T), we can see that the (y - y + j)th packet in 
(0, r) is the 1st packet and the jth ACK is the (j - r)th in (t*, r) respectively. 
The event {oj > Gr_y+jJmi-i >Gr_r+j_i} in (0, T) is equivalent to the event: 
{Oj-l >&I total of y-r ACK’s, y-j+ 1 packets, and exactly r ACK’s before Oi_r+j_i} 
* ‘9 P(EjlEj-1) = P(mj > GJ_y+jJmj_l> Gj_y+j_l) 
j-2 
= z. H(j - r, 1,~ - r, y - j + 1) P[exactly r ACK’s before (3r-u+j-i], 
The distribution for r can be derived as follows: 
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Fig. 5. Both instances are considered in deriving P(E#_,). 
If exactly r ACK’s are received in (0, t*) where t* = Gr-y+j-1, then it is true that w, < t* and 
w,+1> t*. 
P[o, < t*] = 1 - P[w, > O1-y+i-IIy, jr] = 1 - H(r, J - y + j - 1, y, j9 
P[O,+r > t*] = P[~,+I > (37~y+j-l/Y, 7) = H(r +  1, Y -Y + j - 1, Y, J) 
Since r could only be 0, 1,2, . . . , j - 2 






P(Ej(Ej-1) = P(w~ > OF-y+jlWj-1 > Gy-y+j-1) 
j-2 
= x P(wj > Oy-y+jlwj-l> Gjp-y+j-l, r ACK’S 
PO 
j-2 




4.1.4 P(Ej]E$). Where j > i 
P(Ej(Ei) = P(Wj > Oi_y+j(Wi > Oe_y+i) 
As in the case of P(EjlEj_l), we choose to look at the arrivals from two subintervals of 
[0, 71. Let t* = 09_y+i. There are j-y + i packets arriving in (0, t*] and y - i packets in (t*, 7). 
The information that mi > Wr-r+i g uarantees that r < i where r denotes the number of 
ACK’s arriving in (0, t*). If we view the system in (t*, T) instead of (0, T), the Gr-y+j in (0,~) 
will be the (3i_i in (t*, 7). Oir wj will be Wi-n wj-n in (t*, T) respectively. 
There will be (y - i) packets and (y - r) ACK’s arriving in (t*, T). Consequently, 
P(Ei(Ei) = P(u~ > Gy-y+ilmi > iy-y+i) 
i-l 
= x P(wj_, > Gj-i)mi-, > t*) P(exactly r ACK’S before t*) 
r=O 
i-l 






P(0, < t*)P(U,+l > t*) = {l - P(Or > oi-y+i)Y9 Y)l {P(W+l ’ Gpy+ilYt 9)) 
={I-H(r,f-y+i,y,j9)H(r+l,Y-y+i,y,Y) 
(4.7) 
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0, 1 I T 1. 
t* 
, f (j-p ?th 
I , 0 
f ACKS J-r 7 
Fig. 6. r = Number of ACK’s arriving in (0.7); ranging from 0 to j - 2. 
Substituting this result into (4.7), we have: 
i-l 





For convenience in subsequent presentation, we define a G function: 
(4.8) 
Then: 
G(j, i, y, y) = P(EjJ&) = R.H.S. of (4.8) 
I’(& fl Ei) = P(Ej(Ei)P(Ei) = G(j, i, y, y)*H(i, J - y + i, y, jf). 
The H, G are the building blocks of our developments in Section 4.1. The probability of other 
simultaneous events can be completely specified in terms of these two functions. 
4.1.4 Other simultaneous events. For k > j > i 
P(Ek n Ej n Ei) = P(&(Ej, Ei)P(EjJEi)P(Ei). 
P(EklJ% 6) = P(&Pj) as the information on Ei becomes irrelevant o the happening of & 
now that we are given the information on the more recent event I$ When expressed in terms of 
the G and H function. it becomes: 
Therefore, 
P(J% n Ej n 5) = W, i, Y, f)GCi, i, Y, WW, 7 -Y + i, y, Y). 
Applying the same logic, we have: 
P(E, n Ek fI 4 fI Ei) = P(E,(Ek, Ej, Ei)P(Ek(Ej, Ei)P(Ej(Ei)P(Ei) 
(4.9) 
= P(E,JEdP(E&)P(E,lEi)P(Ei) 







Fii. 7. E, n Ei. 
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(r’--r+k) th G-y+f 1 th 
Finally: 
Fig. 8. Some possible cases of Ek fl E, n E,. 
P(E,nE,_,n .-.EznE,) 
= P(E,IE,-,>P(E,-,IE,-t) . . . P(EdEMEJ 
=G(y,y-l,y,~)G(y-l,y-2,y,~)~~~G(2,1,~,~)~~1,~-~+1,~,~) 
(4.11) 
4.2 The case fhat total ACK’s received outnumber that of the packets 
As compared to Section 4.1, this section is not quite as lengthy. If such a case happens, the 
packet will be accepted at t = 7 with a probability of 1. 
4.3 The distributiorr of packet and ACK ativals in (0, r) 
Reviewing Fig. 2 and 3 again, we can see that the node D, k connected to N - 1 “other” 
upstream nodes. Consider one of these “other” upstream nodes Xi. If, at t = 0, the transmission 
queue at Xi for DX is not empty, then there will be exactly one packet arrival from x in (0,~). 
Otherwise the probability of one coming from x is given by A~exp (-AT), where A is the 
Poisson parameter mentioned in Section 2. 
The probability that a packet will arrive from a particular node to 0, in (0, 7) is given by: 
where 
P, = 1 - P(no packet from that line) 
= 1 - P(empty queue for the line) 
*P(no Poisson arrival from that line) 
= 1 - &(N, B, p) * (1 - AT exp( - AT)) 
bo(N, &P) = Po(N. B, p)/Po(N - 1, &P) 
(4.12) 
and Po(N, B, p), as derived by Druckey and others, is detailed in Section 4.5. 
The distribution for the total packets P from N - 1 upstream nodes is: 
P(P=~)=(N~l)(P*r)(l-P*)N-‘-Yfor)i=O,l ,..., N-l 
= 0 elsewhere. 
At t = 0, it is given that B packets were awaiting for transmission. The probability that none of 
these B packets awaits for a particular line, denoted by 40, is given by: 
&Jo= (“;Y;‘)/(“;“li; ‘). (4.13) 
From any particular downstream node of Q, the probability that an ACK is received in (0, T): 
Pa = P(empty queue at D, for that node) * 0 + P(queue not empty) *(1 - PR) = (1 - &)( 1 - PR). 
(4.14) 
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Therefore. the distribution for the total ACK’s received from the N downstream nodes 
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P(Y = y) = ( y ) PAy( 1 - P,J+y for y = 0, 1, . . . , N 
= 0 elsewhere. 
The derivation of every component of (4.1) is now completed. 
4.4 Summary of results 
For clarity of presentation, we summarize our earlier development on components of (4.1) 
together with the steady-state probability functions which were derived by Drukey[3] and are 
used in the numerical study. 
The first component of (4.1): 
P[Y=y, Y=gl=(~)~~‘(l-~~)N-‘.(NBl)P*j(l-p*)N-I-F 
where 
PA = (1 - &,)( 1 - I%), as defined by (4.13) 
&, is given by (4.12) 
where 
Pa=pB(B~~;1)~~(N,B,p)from[3] 
P&V, B, p) = (1 - P)~ { 1 - pB+’ N$: (’ t i> (1 - p,‘-I} from [3] 
P, is given by (4.12) 
&, is a steady-state probability derived in [3] = P&V, B, p)/P&V - 1, B, p). 
do differs from &, in that & is derived from the information that the buffer was full at t = 0 and 
& is the steady-state estimate. 
The second component of (4.1): 
P(E, u E* . . . u &Jy,~)=$H(i,~-y+i,y,~)-~G(j,i,y,J)H(i,I-y+i9y9~) 
j=2 
j>l 










G(j, i, y, 8) = P(EjlEi) = H(j, j - 1, y, y - 1) for i = 1. 
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i-l 
W, i, Y, Y) = z. H(j - r9 i - L Y - r, Y - i) Q(r) 
Q(r) = J - Hk 1- Y + L Y, j9) W + 1, J -Y + iv Y, 1) 
p-mJ-Y+ i,y,~))H(r+l,~-y+i,y,~) 
Q(r) = P[exactly r ACK’s come before (3r-y+i]. 
5. CONCLUSION 
Reviewing the computer outputs in the Appendix enable us to observe the following about 
Pm, the probability of blocking a retransmitted packet, and its magnitude as compared to PR, 
the steady-state estimate of the blocking probability in the network: 
(1) For a given buffer size B and number of links N, Pm is uniformly higher than PR. 
(2) Pm is uniformly higher than PR for all value of the traffic intensity p. The difference of 
the two, Pm-PR assumes aunimodal function in terms of the traffic intensity (i.e. existence of a 
unique maximum for a particular p). 
(3) If other parameters are held fixed, decrease in buffer size yields increase in the 
difference between Pm and PR. 
(4) If other parameters are held fixed, increase in number of transmission links attached to 
node yields increase in the difference between PRR and PR. 
The magnitude of the difference of P m and PR is summarized below for B = 36,45,5 
respectively. 
Table 1. 
8 N Max P(R/R) - PR p is Near 
36 2 2.44% 0.9 
3 4.22% 0.87 
4 5.50% 0.85 
5 6.23% 0.83 
8 N Max P(R/R) - PR p is Near 





I5 I 16.79% I I 0.37 
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